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1. Introduction
A parameter ideal of a Noetherian local ring R of dimension d is an ideal Q of dimension 0
generated by d elements. Despite the transparency, their properties code for numerous properties of
the ring R itself particularly when the generators come equipped with an ordering. The purpose of
this paper is to make a comparative study of two integers associated to a parameter ideal in a local
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as predictors of the Cohen–Macaulay property, a fact that leads to conjectural relationships between
them.
To state the questions and our results on them, ﬁrst of all let us ﬁx some notation and recall
terminology. Let R be a Noetherian local ring with maximal ideal m of dimension d > 0. Let λR(M)
denote, for an R-module M , the length of M . Then for each m-primary ideal I in R and for each
ﬁnitely generated R-module M with s = dimA M  0, we have integers {ei(I,M)}0is such that the
equality
λR
(
M/In+1M
)= e0(I,M)(n+ s
s
)
− e1(I,M)
(
n+ s − 1
s − 1
)
+ · · · + (−1)ses(I,M)
holds true for all integers n  0, which we call the Hilbert coeﬃcients of M with respect to I . The
most signiﬁcant of these coeﬃcients is e0(I,M), the multiplicity of M relative to I . The next coeﬃcient
e1(I,M) has recently been shown to carry homological properties of M , specially if I is a parameter
ideal. For simplicity of terminology we refer to it as the Chern number of M relative to I . In this paper
we are mainly interested in the case where M = R and I is a parameter ideal in R , that is an ideal
generated by a system of parameters, and we denote e1(I, R) = e1(I). The examination of the set, the
so-called e1-spectrum of R ,
Λ1(R) =
{
e1(Q )
∣∣ Q is a parameter ideal in R}
is leading to an understanding of several cohomological properties of Noetherian local rings (see [6–
8,10,11,21]). Among many results it has been proved that R is a generalized Cohen–Macaulay (resp.
Buchsbaum) ring if and only if Λ1(R) is a ﬁnite set (resp. Λ1(R) is a singleton), provided R is un-
mixed.
The other integer arising in our investigation and which we want to contrast to e1(Q ) is the
following. Let Q = (a1,a2, . . . ,ad) be a parameter ideal in R . We denote by Hi(Q ) (i ∈ Z) the i-th ho-
mology module of the Koszul complex K•(Q ; R) generated by the system a1,a2, . . . ,ad of parameters
in R . We put
χ1(Q ) =
∑
i1
(−1)i−1λR
(
Hi(Q )
)
and call it the ﬁrst Euler characteristic of Q ; hence
χ1(Q ) = λR(R/Q )− e0(Q )
by a classical result of Serre (see [1,18]). We will argue that χ1(Q ) and e1(Q ) have similar roles as
predictors of Cohen–Macaulayness, and thus it is natural to compare one invariant to the other. It
deﬁnes the set, the so-called χ1-spectrum of R
Ξ1(R) =
{
χ1(Q )
∣∣ Q is a parameter ideal in R}
that has analogous properties to Λ1(R).
The overall thrust of this work is to carry out a comparative study of the functions e1(Q ) and
χ1(Q ), particularly to understand the meaning of an aﬃrmative answer to the question:
Question 1.1. When is χ1(Q )−e1(Q )?
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Properties of a ﬁnitely generated module M carried by the values of either function.
Xf(M) ⊆ [0,∞) M [17] [18, Appendice II]
0 ∈ Xf(M) M Cohen–Macaulay [6,7]∗ [18, Appendice II]
|Xf(M)| < ∞ M generalized Cohen–Macaulay [6,7]∗ [4,7]
|Xf(M)| = 1 M Buchsbaum [10,7]∗ [19]
|{f(x) | Q¯ = ¯(x)}| < ∞ Q [7] [7]
Note: An adorned reference [XY]∗ requires that the module M be unmixed.
In order to frame more abstractly these comparisons we provide a short tale of four invariants. Let
R be a Noetherian local ring with an inﬁnite residue ﬁeld and M a ﬁnitely generated R-module of
dimension n 2. Let P(M) be the collection of parameter ideals x= {x1, . . . , xn} for M . In [6] and [7],
the authors studied numerical functions
f : P(M) → Z,
on emphasis on the nature of its range
Xf(M) =
{
f(x)
∣∣ x ∈ P(M)}.
For the two functions e1(x,M) and χ1(x;M), more properly f1(x) = −e1(x,M), and f2(x) =
χ1(x;M), respectively. Identical assertions about Xf(M) are expressed in Table 1.
A street view of the action of these functions is the following. First, rewrite the system of param-
eters x = x1, . . . , xn so that it is a superﬁcial sequence. We may further require that it be superﬁcial
with respect to a ﬁnite set of other modules and functions derived from homological degree functions
[5,12] such as hdeg(x)(M) and bdeg(x)(M). Now write
x= {x1, . . . , xn−2, xn−1, xn} =
{
x′,h,α
}
, h = xn−1, α = xn.
Then for M ′ = M/(x′)M the fundamental properties of e1 and χ1 [17,7] lead to the rules of computa-
tion
e1(x,M) = e1
(
h,α;M ′),
χ1(x;M) = χ1
(
h,α;M ′).
More precisely, we have
e1(x,M) = −λ
(
H0m
(
M ′/hM ′
))+ λ(0 :M ′ h),
χ1(x;M) = λ(0 :M ′/hM ′ α).
It is at this point that cohomological degree functions play a role. Let us brieﬂy recall these func-
tions (see [20, Section 2.4] for a discussion). For a Noetherian local ring (R,m), denote by M(R) the
category of ﬁnitely generated R-modules. A cohomological degree, or extended multiplicity function, is a
function
Deg(·) :M(R) 	→N,
that satisﬁes the following conditions.
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ideal and M = M/L, then
Deg(M) = Deg(M)+ λ(L),
where λ(·) is the ordinary length function.
(ii) (Bertini’s rule) If M has positive depth, there is h ∈m \m2, such that
Deg(M) Deg(M/hM).
(iii) (The calibration rule) If M is a Cohen–Macaulay module, then
Deg(M) = deg(M),
where deg(M) is the ordinary multiplicity of M .
Usually deg(M) denotes the Hilbert–Samuel multiplicity with respect to m. We use labels when
another m-primary ideal is employed, thus deg(x)(M) for the parameter ideal (x).
One explicit cohomological degree is built iteratively as follows. Let M be a ﬁnitely generated
graded module over the ring R and S a Gorenstein local ring that maps onto R. Set dimS = r,
dimM = d. The homological degree of M is the integer
hdeg(M) = deg(M)+
r∑
i=r−d+1
(
d− 1
i − r + d− 1
)
· hdeg(ExtiS(M,S)).
For any cohomological degree function Deg, the function f(x,M) = Deg(x)(M)−deg(x)(M) plays the
same role as χ1(x,M) in detecting Cohen–Macaulayness. This arises, in the particular case of hdeg,
that one has
hdeg(x)
(
M ′
)
 hdeg(x)(M).
In dimension 2, hdeg(x)(M
′) controls the terms in the expressions of e1(x,M) and χ1(x;M), which
led in [7] to bounds of the form
f(x) hdeg(x)(M)− deg(x)(M).
There is another path to the understanding for this inequality. For that we recall two properties of
the cohomological degree bdeg of Gunston [12]. If dimM  3,
bdeg(M) bdeg
(
M/
(
x′
)
M
)
,
while for L = H0m(M ′) and M0 = M ′/L
bdeg
(
M ′
)= λ(L)+ bdeg(M0) = λ(L) + deg(M0)+ λ(H0m(M0/hM0)).
A quick calculation will give
bdeg
(
M ′
)= deg(M ′)+ λ(L) + λ(H0m(M ′/hM ′))− λ(0 :M ′ h)
= deg(M ′)+ λ(L) − e1(x,M ′).
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f(x) bdeg(x)(M)− deg(x)(M) hdeg(x)(M)− deg(x)(M),
where the last inequality follows from the minimality of bdeg among cohomological degree functions.
Theorem 1.2. Let R be a Noetherian local ring and M a ﬁnitely generated R-module. For any system of param-
eters x of M,
max
{
χ1(x,M),−e1(x,M)
}
 hdeg(x)(M)− deg(x)(M).
A major roadblock in the use of the functions e1(x,M), χ1(x,M), hdeg(x)(M) and deg(x)(M), if
dimM  3, is the step requiring the reprocessing of the given system of parameters into another that
is superﬁcial with respect to various ﬁltrations. We will treat classes of parameter ideals that require
minimal reprocessing. In particular for parameter ideals generated by d-sequences, the calculation of
e1(x,M) and χ1(x,M) required no preliminary reprocessing (in the case of χ1(x,M) a broader class
of parameter ideals can be similarly treated).
Let us now state the main results of this paper, explaining how it is organized. In Section 2 we
show that additional partial Euler characteristics can be deﬁned on systems of parameters that are
d-sequences. In particular for each such sequence x = {x1, . . . , xd} and x0 = {x1, . . . , xd−1}, χ1(x0) is a
non-negative integer. The answer to Question 1.1 is aﬃrmative when Q is generated by d-sequence
in the sense of Huneke [15]. We have the following, which we will prove in Section 3.
Theorem 3.7. Let R be a Noetherian local ring of dimension d  2 and let x = x1, x2, . . . , xd be a system of
parameters that is a d-sequence in R. Let Q i = (x1, . . . , xi) with Q = Qd = (x). Then
(a) χ1(x1, . . . , xi) = λR((0) :R/Q i−1 xi).
In particular, χ1(x1) = λR((0) :R x1) = λR(H0m(R)).
(b) (−1)iei(Q ) = χ1(x1, . . . , xd−i, xd−i+1)− χ1(x1, . . . , xd−i) 0 for all 1 i  d.
There are many non-Buchsbaum local rings R in which every parameter ideal is generated by a
d-sequence of length d = dim R , as we will see in Sections 4, 5.
When the depth of R is suﬃciently large, the converse of Theorem 3.7 is also true and we have
the following, which we shall prove in Section 4.
Theorem4.2. Let (R,m) be a local ring of dimension d 2with depth(R) d−1 and inﬁnite residue ﬁeld. Let
Q be a parameter ideal of R. Then we may assume that Q = (x) = (x1, . . . , xd), where x′ = x1, x2, . . . , xd−1
forms a superﬁcial sequence for R with respect to Q . Then the following are equivalent:
(i) χ1(x)−e1(Q );
(ii) χ1(x) = −e1(Q );
(iii) x is a d-sequence;
(iv) e2(Q ) = 0.
Unfortunately Question 1.1 itself does not hold true in general. We will give one example in Sec-
tion 4.
Let Q 1 and Q 2 be parameter ideals in R such that Q 1 = Q 2, where a denotes the integral closure
of a for each ideal a in R . In Section 6 we shall study a question of whether Q 1 and Q 2 have the
same Hilbert function, that is the question of when
λR
(
R/Q n+11
)= λR(R/Q n+12 )
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amples in order to understand why this could occur. Parameter ideals generated by d-sequences of
length d enjoy very nice properties.
In what follows, unless otherwise speciﬁed, let R denote a Noetherian local ring with maximal
ideal m of dimension d > 0. Let Him(∗) (i ∈ Z) be the i-th local cohomology functor of R with respect
to m. For each ﬁnitely generated R-module M let λR(M) (resp. νR(M)) stand for the length of M
(resp. the number of elements in a minimal system of generators in M). Moreover, if the module
Him(M) is ﬁnitely generated, its length is denoted by h
i(M).
2. Partial Euler characteristics
We begin by introducing an extension of partial Euler characteristics. If x = {x1, . . . , xn} is a
sequence of elements in the ring R , we denote by Hi(x1, . . . , xn) the homology modules of the corre-
sponding Koszul complex.
Deﬁnition 2.1. Let (R,m) be a Noetherian local ring of dimension d  1. A system of elements x =
{x1, . . . , xn} is suitable for deﬁning partial Euler characteristics if H j(x1, . . . , xi) have ﬁnite length for
all i and j  1. In this case, we denote h j(x) = λ(H j(x)) and we set
χ1(x) =
n∑
j1
(−1) j−1h j(x).
A special type of systems of parameters that play an important role in this paper is that of d-
sequences and one of its generalizations. They are extensions of regular sequences, the notion of d-
sequence invented by Huneke [16], and of a proper sequence [14]. They play natural roles in the theory
of the approximation complexes [14].
We now collect appropriate properties of these sequences.
Deﬁnition 2.2. A sequence x= {x1, x2, . . . , xn} of elements in R is a d-sequence if
(x1, x2, . . . , xi) : xi+1xk = (x1, x2, . . . , xi) : xk, for i = 0, . . . ,n− 1, k i + 1.
Basic properties of d-sequences, useful in induction arguments, are [16]:
Proposition 2.3. Let x= {x1, x2, . . . , xn} be a d-sequence in R. Then we have the following.
(a) The images of x2, x3, . . . , xn in R/(x1) form a d-sequence.
(b) [(0) : x1] ∩ (x1, x2, . . . , xn) = (0).
(c) The images of x1, x2, . . . , xn in R/[(0) : x1] form a d-sequence.
(d) x is a regular sequence if and only if (x1, . . . , xn−1) : xn = (x1, . . . , xn−1).
Proof. In (d), the argument is a straightforward calculation. We may assume n > 1. If
(x1, . . . , xn−1) : xn = (x1, . . . , xn−1), we claim that (x1, . . . , xn−2) : xn−1 = (x1, . . . , xn−2). From axn−1 ∈
(a1, . . . , xn−2), we have xnxn−1a ∈ (x1, . . . , xn−2) so that
a ∈ (x1, . . . , xn−2) : xn−1xn = (x1, . . . , xn−2) : xn ⊂ (x1, . . . , xn−1) : xn = (x1, . . . , xn−1).
Thus a = a1x1 + · · · + an−1xn−1 and from xn−1a ∈ (x1, . . . , xn−2) we get an−1x2n−1 ∈ (x1, . . . , xn−2) and
therefore an−1xn−1 ∈ (x1, . . . , xn−2), as desired. 
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xi+1H j(x1, x2, . . . , xi) = 0, for i = 0,1, . . . ,n− 1, j > 0,
where H j(x1, x2, . . . , xi) is the Koszul homology associated to the subsequence {x1, x2, . . . , xi}.
Proposition 2.5. Let x = {x1, x2, . . . , xn} be a sequence in R.
(a) If x is a d-sequence, then x is a proper sequence.
(b) If x is a proper sequence, then
xkH j(x1, x2, . . . , xi) = 0, for i = 0,1, . . . ,n − 1, j > 0, k > i.
(c) Suppose that R is a local ring of dimension n > 0. If x is a proper sequence that is also a system of param-
eters in R, then H j(x1, x2, . . . , xi) is a module of ﬁnite length for i = 0,1, . . . ,n and j > 0.
The following provides for a ready source of these sequences.
Proposition 2.6. Let R be a Noetherian local ring of dimension d and x = {x1, . . . , xd} a system of parameters.
If Q = (x1, . . . , xd−1) has grade d − 1, then
(a) x is a proper sequence.
(b) x is a d-sequence if and only if (x1, . . . , xd−1) : x2d = (x1, . . . , xd−1) : xd.
3. Euler characteristics versus Hilbert coeﬃcients
In this section we derive the explicit values for these partial Euler characteristics in the case of
proper sequences. Later in this section we express the Chern numbers of parameter ideals generated
by d-sequences in terms of the Euler characteristics.
We use the following well-known technique to relate the Koszul homology of a partial set of
parameters x0 to that of the enlarged sequence x= {x0, y} obtained by adding one more parameter.
Proposition 3.1. (See [3, Corollary 1.6.13].) Let R be a ring, x = x1, . . . , xn a sequence in R, and M an R-
module. Set x′ = x1, . . . , xn−1 . Then one has an exact sequence
· · · xn−→ Hi
(
x′,M
)→ Hi(x,M) → Hi−1(x′,M) xn−→ Hi−1(x′,M)→ ·· · .
Corollary 3.2. Let x = x1, . . . , xn be a proper sequence of R. Then we obtain the following set of exact se-
quences:
0→ (0) :Ri xi+1 → Ri = R/(x1, . . . , xi)
xi+1−−→ R/(x1, . . . , xi) → R/(x1, . . . , xi, xi+1) → 0,
0→ H1(x1, . . . , xi) → H1(x1, . . . , xi, xi+1),
0→ H j(x1, . . . , xi) → H j(x1, . . . , xi, xi+1) → H j−1(x1, . . . , xi) → 0
for all j  2.
Proposition 3.3. Let R be a Noetherian local ring of dimension d 2 and let x = {x1, x2, . . . , xn} be a sequence
of elements of R. Set x′ = {x1, . . . , xn−1}. Suppose that λ(H j(x′)) < ∞ and λ(H j(x)) < ∞ for all j  1. Then
χ1(x) = λR
(
(0) :R/(x′) xn
)
.
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· · · xn−→ H j
(
x′
) α j−→ H j(x) β j−→ H j−1(x′) xn−→ H j−1(x′)→ ·· · xn−→ H1(x′) α1−→ H1(x) β1−→ R/(x′) xn−→ · · · .
This means that
λ
(
H j(x)
)= λ(Im(α j))+ λ(Im(β j)) ∀ j  1
= λ(Im(α j))+ λ(Im(α j−1)) ∀ j  2.
Using the following set of equations
(−1)n−1λ(Hn(x))= (−1)n−1λ(Im(αn))+ (−1)n−1λ(Im(αn−1)),
(−1)n−2λ(Hn−1(x))= (−1)n−2λ(Im(αn−1))+ (−1)n−2λ(Im(αn−2)),
...
(−1)λ(H2(x))= (−1)λ(Im(α2))+ (−1)λ(Im(α1)),
λ
(
H1(x)
)= λ(Im(α1))+ λ(Im(β1)),
we obtain
χ1(x) =
n∑
i=1
(−1)i−1λ(Hi(x))= λ(Im(β1))= λR((0) :R/(x′) xn). 
Corollary 3.4. Let R be a Noetherian local ring of dimension d 2. Let x= {x1, . . . , xn} be a set of elements of
one of the following kinds:
(a) x is an initial subsequence of a system of parameters forming a proper sequence;
(b) x is an initial subsequence of a system of parameters forming a d-sequence;
(c) R is a generalized Cohen–Macaulay local ring and x is a subsystem of parameters.
If x is any sequence as above and x′ = x1, . . . , xn−1 , then
χ1(x) = λR
(
(0) :R/(x′) xn
)
.
Proof. The assertions (a) and (b) follow from Corollary 3.2 and Proposition 3.3. For (c), if R is a
generalized Cohen–Macaulay local ring, then for any initial subsequence x′ of a system of parameters,
the modules H j(x′) have ﬁnite length for j  1. Hence one derives a similar formula for χ1(x). 
Corollary 3.5. Let R be a Noetherian local ring of dimension d 2. Let x = x1, . . . , xn be an initial subsequence
of a system of parameters. Suppose that x is a d-sequence. Then χ1(x) = 0 if and only if x is a regular sequence.
Proof. This assertion follows from Proposition 2.3(d) and Corollary 3.4. 
We recall the following property of ideals generated by d-sequences (see [14, Theorem 5.6], [13,
Corollary 12.4]).
Theorem 3.6. Let R be a Noetherian local ring of dimension d. Let x = x1, . . . , xd be a system of parameters
that is also a d-sequence. Set S = R[T1, . . . , Td], Q = (x), and G = grQ (R).
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0→ Hd(x)⊗ S[−d] → · · · → H1(x)⊗ S[−1] → H0(x)⊗ S → G → 0
is acyclic.
(b) The Hilbert series of G is
H(G, λ) =
∑d
i=0(−1)ihi(Q )λi
(1− λ)d =
h(λ)
(1− λ)d ,
where hi(Q ) = λ(Hi(x)) for all i.
(c) The i-th Hilbert coeﬃcient of Q is
ei(Q ) = h
(i)(1)
i!
= (−1)ihi + (−1)i+1(i + 1)hi+1 + (−1)i+2
(
i + 2
2
)
hi+2 + · · · + (−1)i+ j
(
i + j
j
)
hi+ j
+ · · · + (−1)d−1
(
d− 1
d − i − 1
)
hd−1 + (−1)d
(
d
d− i
)
hd
for i = 0, . . . ,d − 1.
Theorem 3.7. Let R be a Noetherian local ring of dimension d  2 and let x = x1, x2, . . . , xd be a system of
parameters that is a d-sequence in R. Let Q i = (x1, . . . , xi) with Q = Qd = (x). Then
(a) χ1(x1, . . . , xi) = λR((0) :R/Q i−1 xi).
In particular, χ1(x1) = λR((0) :R x1) = λR(H0m(R)).
(b) (−1)iei(Q ) = χ1(x1, . . . , xd−i, xd−i+1)− χ1(x1, . . . , xd−i) 0 for all 1 i  d.
Proof. (a) follows from Corollary 3.4. For (b), we ﬁrst consider the case −e1(Q ). For simplicity, set
x′ = x1, . . . , xd−1, hi = λ
(
Hi(x)
)
, h′i = λ
(
Hi
(
x′
))
.
Using the Hilbert series and Hilbert coeﬃcients given in Theorem 3.6, we get
−e1(Q ) = −h′(1)
= h1 − 2h2 + 3h3 + · · · + (−1) j+1 jh j + · · · + (−1)d+1dhd
= h1 − h2 + h3 + · · · + (−1) j+1h j + · · · + (−1)d+1hd
− (h2 − 2h3 + · · · + (−1) j( j − 1)h j + · · · + (−1)d(d− 1)hd),
where χ1(x) = h1 − h2 + h3 + · · · + (−1) j+1h j + · · · + (−1)d+1hd . It is enough to show that
χ1
(
x′
)= h2 − 2h3 + · · · + (−1) j( j − 1)h j + · · · + (−1)d(d− 1)hd.
Since a d-sequence x is a proper sequence, we can use the short exact sequences given in Corollary 3.2
to obtain the following:
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(−1)d−1(d − 2)hd−1 = (−1)d−1(d− 2)h′d−1 + (−1)d−1(d− 2)h′d−2,
...
(−1) j+1 jh j+1 = (−1) j+1 jh′j+1 + (−1) j+1 jh′j,
(−1) j( j − 1)h j = (−1) j( j − 1)h′j + (−1) j( j − 1)h′j−1,
...
−2h3 = −2h′3 + (−2)h′2,
h2 = h′2 + h′1.
Therefore by adding these equations, we get
h2 − 2h3 + · · · + (−1) j( j − 1)h j + · · · + (−1)d(d− 1)hd
= h′1 − h′2 + · · · + (−1) j+1h′j + · · · + (−1)dh′d−1
= χ1
(
x′
)
,
which completes the proof for −e1(Q ). This relation can be generalized as follows. Let xn = x1, . . . , xn
and hi(xn) = λ(Hi(xn)). Then
h2(xn) − 2h3(xn) + · · · + (−1) j( j − 1)h j(xn) + · · · + (−1)n(n− 1)hn(xn)
= h1(xn−1)− h2(xn−1) + · · · + (−1) j+1h j(xn−1)+ · · · + (−1)nhn−1(xn−1)
= χ1(xn−1).
More generally,
(−1)iei(Q ) = hi − (i + 1)hi+1 +
(
i + 2
2
)
hi+2 + · · · + (−1)i+ j
(
i + j
j
)
hi+ j + · · ·
+ (−1)d+i
(
d
d − i
)
hd
= (hi(xd−1) + hi−1(xd−1))− (i + 1)(hi+1(xd−1)+ hi(xd−1))
+
(
i + 2
2
)(
hi+2(xd−1) + hi+1(xd−1)
)+ · · ·
= hi−1(xd−1) − ihi(xd−1)+
(
i + 1
2
)
hi+1(xd−1)+ · · ·
...
= h1(xd−i+1) − 2h2(xd−i+1) + 3h3(xd−i+1)+ · · · + (−1)d−i+2(d− i + 1)hd−i+1
= h1(xd−i+1) − h2(xd−i+1) + h3(xd−i+1) + · · · + (−1)d−i+2hd−i+1(xd−i+1)
− (h2(xd−i+1) − 2h3(xd−i+1)+ · · · + (−1)d−i+1(d− i)hd−i+1(xd−i+1))
= χ1(x1, . . . , xd−i+1)− χ1(x1, . . . , xd−i).
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(−1)iei(Q ) = χ1(x1, . . . , xd−i+1)− χ1(x1, . . . , xd−i)
= λ((0) :R/Qd−i xd−i+1)− λ((0) :R/Qd−i−1 xd−i)
= λ(((x1, . . . , xd−i) : xd−i+1)/(x1, . . . , xd−i))
− λ(((x1, . . . , xd−i−1) : xd−i)/(x1, . . . , xd−i−1)).
Now observe that since x is d-sequence,
(
(. . . , xd−i−1) : xd−i
)⊂ ((. . . , xd−i−1) : xd−i+1)⊂ ((. . . , xd−i) : xd−i+1),
which induces a natural mapping:
((x1, . . . , xd−i−1) : xd−i)
(x1, . . . , xd−i−1)
ϕ−→ ((x1, . . . , xd−i) : xd−i+1)
(x1, . . . , xd−i)
.
The kernel is zero since
(
(x1, . . . , xd−i−1) : xd−i
)∩ (x1, . . . , xd−i) = (x1, . . . , xd−i−1)
because x is d-sequence. This gives the formula
(−1)iei(Q ) = λ
(
(x1, . . . , xd−i) : xd−i+1
(x1, . . . , xd−i)+ (x1, . . . , xd−i−1) : xd−i
)
. 
Corollary 3.8. Let R be a Noetherian local ring of dimension d  2. Let x be a system of parameters that is
a d-sequence in R and set Q = (x). Then χ1(x) = −e1(Q ) if and only if depth(R) d− 1.
Equivalent formulas for ei(Q ) in terms of local cohomology modules are given in [11, Proposi-
tion 3.4]:
Proposition 3.9. Let Q be a parameter ideal generated by a d-sequence (a1, . . . ,ad). For 0 i  d set Q i =
(a1, . . . ,ai). Then
(−1)iei(Q ) =
⎧⎨
⎩
λR(R/Q )− λR([Qd−1 : ad]/Qd−1) if i = 0,
λ(H0m(R/Qd−i)) − λ(H0m(R/Qd−i−1)) if 1 i  d − 1,
λ(H0m(R)) if i = d.
Theorem 3.7 settles the question of the comparison between χ1(Q ) and e1(Q ) for parameter
ideals generated by d-sequences. In particular it asserts that χ1(Q )−e1(Q ) for those ideals. Let us
note an example that the converse does not hold (see also [8, 2.4]).
Example 3.10. (Compare with Example 6.4.) Let R be a regular local ring with maximal ideal n of
dimension d  3. Choose an ideal I in R so that dim R/I = 1 and R/I is a Cohen–Macaulay ring but
not a discrete valuation ring. We look at the idealization
A = R  R/I
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χ1(Q ) > 0= −e1(Q ),
while the parameter ideal Q = nA cannot be generated by a d-sequence of length d, which shows the
converse of Theorem 3.7 is not true in general.
Proof. Let q= Q R and put R = R/I . Then, thanks to the canonical exact sequence
0→ (0)× R → R p−→ R → 0
where p(r,m) = r for each (r,m) ∈ R , we have
λA
(
A/Q n+1
)= e0(q)(n+ d
n
)
+ λR
(
R/qn+1R
)
for all n 0, so that
(−1)iei(Q ) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
e0(q) if i = 0,
0 if 1 i  d − 2,
e0(qR) if i = d− 1,
−e1(qR) if i = d.
Hence
χ1(Q ) = λA(A/Q )− e0(Q ) > 0= −e1(Q ),
since A is not a Cohen–Macaulay ring (notice that dim A = d and depth(A) = 1). We have e1(qR) = 0
if and only if [q+ I]/I is a principal ideal in R/I , because R/I is a Cohen–Macaulay ring of dimension
one. Taking Q = nA, the maximal ideal [n+ I]/I in R/I is not principal, since R/I is not a discrete
valuation ring. Hence the parameter ideal Q = nA in A cannot be generated by any d-sequence of
length d; otherwise
e1(qR) = (−1)d−1ed(Q ) = −λ
(
H0m(A)
)= 0
by Corollary 3.7, since depth(A) > 0. 
4. A converse
In this section we will be dealing mostly with local rings R of dimension d  1 with depth(R)
d−1. For a parameter ideal Q , the key to comparing the values of χ1(Q ) and e1(Q ) is the following.
Proposition 4.1. Let (R,m) be a local ring of dimension d  1 with depth(R)  d − 1 and inﬁnite residue
ﬁeld. Let Q be a parameter ideal of R. Then there exists a generating system x = {x1, . . . , xd} for Q such that
{x1, . . . , xd−1} is a superﬁcial sequence of R relative to Q . Set Qd−1 = (x1, . . . , xd−1). Then
(a) χ1(x) = λR(0 :R/Qd−1 xd) = λR([Qd−1 : xd]/Qd−1).
(b) e1(Q ) = −λR(H0m(R/Qd−1)).
(c) χ1(x)−e1(Q ), where the equality holds if and only if x is a d-sequence.
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in R so that Q = (x) = (x1, x2, . . . , xd) and x1, x2, . . . , xd−1 forms a superﬁcial sequence for R with
respect to Q . Then x′ = x1, x2, . . . , xd−1 is an R-regular sequence because depth(R)  d − 1. This
means that x is a proper sequence (Proposition 2.6). Hence by Proposition 3.3, we obtain
χ1(x) = λR(0 :R/Qd−1 xd).
For (b), note that x′ is a regular and superﬁcial sequence. Therefore
e1(Q ) = e1(Q /Qd−1) = −λR
(
H0m(R/Qd−1)
)
,
where the last equality follows from dim(R/Qd−1) = 1.
For (c), recall that
H0m(R/Qd−1) =
⋃
s1
(
0 :R/Qd−1 xsd
)⊃ (0 :R/Qd−1 xd).
Using parts (a) and (b), this implies that
χ1(x) = λR(0 :R/Qd−1 xd) λR
(
H0m(R/Qd−1)
)= −e1(Q ).
Suppose that χ1(x) = −e1(Q ). Then (Qd−1 : xd) = (Qd−1 : x2d), which means that x is a d-sequence by
Proposition 2.6. For the converse, suppose that x is a d-sequence. Then by Theorem 3.7,
−e1(Q ) = χ1(x)−χ1
(
x′
)= χ1(x),
where the last equality follows from the fact that x′ is a regular sequence. 
We are now in position to give the following converse to Theorem 3.7:
Theorem4.2. Let (R,m) be a local ring of dimension d 2with depth(R) d−1 and inﬁnite residue ﬁeld. Let
Q be a parameter ideal of R. Then we may assume that Q = (x) = (x1, . . . , xd), where x′ = x1, x2, . . . , xd−1
forms a superﬁcial sequence for R with respect to Q . Then the following are equivalent:
(i) χ1(x)−e1(Q );
(ii) χ1(x) = −e1(Q );
(iii) x is a d-sequence;
(iv) e2(Q ) = 0.
Proof. (i) ⇔ (ii) ⇔ (iii) follow from Proposition 4.1.
(iii) ⇒ (iv). By assumption, x is a system of parameters that is a d-sequence. We use induction
on d. If d = 2, then by Theorem 3.7,
e2(Q ) = χ1(x1) = λR
(
H0m(R)
)= 0,
where the last equality follows from depth(R) 1. Suppose that d 3. By Theorem 3.7,
e2(Q ) = χ1(x1, . . . , xd−1)− χ1(x1, . . . , xd−2) = 0,
since depth(R) d − 1 implies that the subsequence x′ = x1, . . . , xd−1 is a regular sequence.
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that d 3. Then
0= e2(Q ) = e2
(
Q /(x1)
)
.
By induction hypothesis, this means that x2, . . . , xd forms a d-sequence in R/(x1). Hence x =
x1, x2, . . . , xd is a d-sequence in R because x1 is R-regular. 
The following is a direct consequence of Proposition 4.1 and Theorem 4.2.
Corollary 4.3. Let (R,m) be a local ring of dimension d  2 and depth(R) d − 1 with inﬁnite residue ﬁeld.
Let Q be a parameter ideal in R. Then χ1(Q ) < −e1(Q ) if and only if e2(Q ) = 0.
5. Parameter ideals with the same Hilbert function – the case where Q =m
Let R be a Noetherian local ring with d = dim R > 0. For each ideal a in R we denote the integral
closure of a by a. Let Q 1 and Q 2 be parameter ideals in R such that Q 1 = Q 2. In Sections 5 and 6, we
shall study the question of whether Q 1 and Q 2 have the same Hilbert function, that is the question
of when
λR
(
R/Q n+11
)= λR(R/Q n+12 )
for all n 0. Notice that χ1(Q 1) = χ1(Q 2), when this is the case.
The goal of this section is Example 5.11, which deals with the case where Q 1 = Q 2 =m. We begin
with the following.
Proposition 5.1. Let (R,m) be a Noetherian local ring with d = dim R > 0. Let a1,a2, . . . ,as be a system of
parameters for a ﬁnitely generated R-module M with s = dimR M > 0. Let qk = (a1,a2, . . . ,ak) for 0 k s
and q= qs . We consider the following two conditions.
(i) a1,a2, . . . ,as acts on M as a d-sequence.
(ii) qH0m(M/qkM) = (0) for all 0 k < s.
Then one has the implication (i) ⇒ (ii). If M is a generalized Cohen–Macaulay R-module, then (ii) ⇒ (i) also
holds true.
Proof. (i) ⇒ (ii). Let x ∈ H0m(M/qkM) and write x = y + qkM with y ∈ M . Then a
k+1 y ∈ qkM for
some 
  0. Choosing such an integer 
 > 0 as small as possible, since a1,a2, . . . ,as acts on M as a
d-sequence, we obtain
y ∈ qkM :M a
k+1 = qkM :M ak+1 ⊆ qkM :M a j,
for all j  k + 1. Therefore qx= 0, or qH0m(M/qkM) = (0) for 0 k < s.
(ii) ⇒ (i). Assume that M is a generalized Cohen–Macaulay R-module. Let 1 i  j  s and y ∈ M
be such that (aia j)y ∈ qi−1M . Then, since aia j is a part of a system of parameters for the generalized
Cohen–Macaulay R-module M/qi−1M , we have y + qi−1M ∈ H0m(M/qi−1M), so that a j y ∈ qi−1M .
Hence a1,a2, . . . ,as acts on M as a d-sequence. 
We note the following.
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Him(R) = (0) for i = 1,d. Set H1m(R) ∼= R/c for some ideal c in R and choose an integer 
 > 0 so that m
 ⊆ c.
Then for each parameter ideal Q in R such that Q ⊆m
−1 + c, one can ﬁnd a system a1,a2, . . . ,ad of param-
eters in R such that Q = (a1,a2, . . . ,ad) and a1,a2, . . . ,ad forms a d-sequence in R.
Proof. We may assume c = R . Let C = R/c and let mC be the maximal ideal in C ; hence m
C = (0).
Let Q = (a1,a2, . . . ,ad) be a parameter ideal in R such that
Q ⊆m
−1 + c.
We put t = νC (Q C) and denote the image of ai in C by ai .
Claim 1.We may assume that a j ∈ c for all j  t + 1.
Proof. After renumbering of ai ’s, we may assume that
Q C = (a1,a2, . . . ,at).
Then, if t + 1 j  d, we have
a′j = a j −
t∑
i=1
ri jai ∈ c
with ri j ∈ R . Therefore
Q = (a1, . . . ,at,at+1, . . . ,ad) =
(
a1, . . . ,at,a
′
t+1, . . . ,a′d︸ ︷︷ ︸
∈c
)
. 
In order to prove that a1,a2, . . . ,ad form a d-sequence in R , since R is a generalized Cohen–
Macaulay module, it is enough to show that
Q H0m(R/Q i) = 0
for all i = 0, . . . ,d − 1, where Q i = (a1, . . . ,ai) (Proposition 5.1).
Suppose that there exist an integer k and g such that 0 k d− 1, k + 1 g  d, and
agH
0
m(R/Qk) = 0.
Claim 2. H0m(R/Qk)  H1(Qk;C), where H1(Qk;C) is the ﬁrst Koszul homology of a1,a2, . . . ,ak with coeﬃ-
cients in C .
Proof. Let B denote the Cohen–Macaulayﬁcation of R in the sense of [2]. Then there exists an exact
sequence
0→ R → B → C → 0,
which induces a long exact sequence of Koszul homology modules:
0→ H1(Qk;C) → R/Qk → B/QkB ϕ−→ C/QkC → 0.
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0→ N → B/QkB → C/QkC → 0,
we get H0m(N) = 0 because depthR(B/QkB) > 0. On the other hand, by applying local cohomology to
the short exact sequence
0→ H1(Qk;C) → R/Qk → N → 0,
we obtain
0→ H1(Qk;C) → H0m(R/Qk) → H0m(N) = 0
because λR(C) < ∞. This completes the proof of Claim 2. 
By the assumption agH0m(R/Qk) = 0 and Claim 2, now we have
agH1(Qk;C) = (0).
Let us choose a cycle
η = c1T1 + c2T2 + · · · + ckTk ∈ Z1(Qk;C)
such that agη /∈ B1(Qk;C), where ci = ci + c ∈ C = R/c and {Ti}1ik denotes the ﬁxed R-free basis of
K1(Qk; R). In particular, agη = 0. This means that ag /∈ c. By Claim 1, k + 1 g  t so that k < t . This
implies that a1,a2, . . . ,ak is a part of a minimal system of generators for Q C . Since η ∈ Z1(Qk;C), we
have ci ∈mC for every 1 i  k. Therefore
agci ∈ QmC ⊆
(
m
−1 + c)mC =m
C = 0
for every 1 i  k. This means that agη = 0, which is a contradiction. 
The following is an immediate consequence of Theorem 5.2.
Corollary 5.3. Let (R,m) be a generalized Cohen–Macaulay local ring of dimension d  2. Suppose that
Him(R) = (0) for i = 1,d. Set H1m(R) ∼= R/c for some ideal c in R. If m2 ⊆ c, then every parameter ideal in
R is generated by a d-sequence of length d.
Let (A,n) be a regular local ring of dimension d  2. For every positive integer 
, n
 is a d-
dimensional generalized Cohen–Macaulay R-module such that
H1n
(
n

) R/n
 and Hin(n
)= (0) for all i = 1,d.
For each 0 = f ∈ A, we denote the order f with respect to n by
o( f ) = on( f ) =max
{
n ∈ Z ∣∣ f ∈ nn}.
Proposition 5.4. Let (A,n) be a regular local ring of dimension d  2. Let a1,a2, . . . ,ad be a system of pa-
rameters which form a super-regular sequence in A with respect to n. Then, after renumbering of ai ’s so that
o(ai) o(ai+1) for all 1 i  d, the sequence a1,a2, . . . ,ad acts on n
 as a d-sequence.
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 as
a d-sequence. Let 1 i  j  d be integers and y ∈ n
 . Assume that
(aia j)y ∈ (a1,a2, . . . ,ai−1)n
.
Then
y ∈ (a1,a2, . . . ,ai−1)∩ n
 =
i−1∑
k=1
akn

−rk ,
because the initial form of a1,a2, . . . ,ad is a regular sequence in the associated graded ring grn(R) =⊕
n0 n
n/nn+1 of n. Hence
a j y ∈
i−1∑
k=1
akn

+r j−rk ⊆ (a1,a2, . . . ,ai−1)n
,
which shows that a1,a2, . . . ,ad acts on n
 as a d-sequence. 
Lemma 5.5. Let (A,n) be a regular local ring of dimension d  2. Let x = x1, . . . , xk be a regular sequence
in A, where k d − 1. Set I = (x). Then
H0n
(
n
/In

) H1(x; A/n
)
for every positive integer 
.
Proof. The short exact sequence
0→ n
 → A → A/n
 = B → 0
induces an exact sequence of Koszul homologies of x:
0→ H1(x; B) → n
/In
 → A/I ϕ−→ B/I B → 0.
Let L = ker(ϕ). Then by applying the local cohomology to
0→ A/I → B/I B → 0,
we get H0n(L) = 0 because depth(A/I) = d − k 1. Also from the exact sequence
0→ H1(x; B) → n
/In
 → L → 0,
since λ(B) < 0, we obtain
0→ H1(x; B) → H0n
(
n
/In

)→ H0n(L) = 0,
which completes the proof. 
We furthermore have the following, which we need to explore Example 5.11. We expect that
assertion in Proposition 5.6 remains true even in the case where 
 4.
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pose that d = 2 or that 
  3. Then one can ﬁnd a system a1,a2, . . . ,ad of parameters for A such that
Q = (a1,a2, . . . ,ad) and a1,a2, . . . ,ad acts on n
 as a d-sequence.
Proof. Let a1,a2, . . . ,ad be a system of parameters that generates Q . We may assume that
ri = o(ai) o(ai+1) = ri+1
for all 1 i  d − 1. Set Qk = (a1, . . . ,ak) for each 1 k d with Q = Qd .
Firstly we consider the case where d = 2. Since (a1) ∩ n
 = a1n
−r1 , we get the exact sequence of
A-modules:
0→ [a1n
−q1]/a1n
 → n
/a1n
 → [n
 + (a1)]/(a1) → 0.
As depthA[n
 + (a1)]/(a1) > 0 and [a1n
−r1 ]/a1n
  n
−r1/n
, we have
H0n
(
n
/a1n


)∼= n
−r1/n
.
Therefore a2H0n(n

/a1n
) = (0), since r1  r2. Thus Proposition 5.1 shows a1,a2 acts on n
 as a d-
sequence.
Let us consider the case where 
  3. Let 
 = 1. Then the A-module n is Buchsbaum so that the
system a1,a2, . . . ,ad of parameters for A acts on n as a d-sequence.
Let 
 = 2. Set B = A/n2  H1n(n2). Let t = ν(Q B). Then we may assume that
a j ∈ n2, for all j  t + 1,
as shown in the proof of Theorem 5.2. Since n2 is a generalized Cohen–Macaulay module, using
Proposition 5.1, it is enough to show that
Q H0n
(
n2/Qkn
2)= 0 for all k d − 1.
Suppose that there exist k and j such that 1 k d − 1, j  k + 1, and
a jH
0
n
(
n2/Qkn
2) = 0.
By Lemma 5.5, this means that a jH1(Qk; A/n2) = 0. In particular, a j = n2 so that k + 1 j  t . This
implies that ri = o(ai) = 1 for all 1 i  k so that
Qk ∩ n2 = Qkn.
Since a jH0n(n
2/Qkn2) = 0, there exists y + Qkn2 ∈ H0n(n2/Qkn2) such that a j y /∈ Qkn2. On the other
hand, a
j y ∈ Qkn2 for some 
  0. Therefore y ∈ Qk : a
j = Qk . Hence we obtain
y ∈ Qk ∩ n2 = Qkn,
so that a j y ∈ Qkn2, which is a contradiction.
Now suppose that 
 = 3. Set C = A/n3  H1n(n3) and t = ν(Q C). For each a ∈ A, we denote the
image of a in A/n3 by a. We may assume that
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where
o(ai)
⎧⎨
⎩
= 1 for 1 i  s,
= 2 for s + 1 i  t,
 3 for t + 1 i  d.
Since n3 is a generalized Cohen–Macaulay module, using Proposition 5.1, it is enough to show that
Q H0n
(
n3/Qkn
3)= 0 for all k d− 1.
Suppose that there exist k and j such that 1 k d − 1, j  k + 1, and
a jH
0
n
(
n3/Qkn
3) = 0.
By Lemma 5.5, this means that a jH1(Qk; A/n3) = 0. Let B1 = B1(Qk; A/n3) and Z1 = Z1(Qk; A/n3).
Then there exists η = x1T1 + · · · + xkTk ∈ Z1 such that a jη /∈ B1. In particular, a j /∈ n3, which implies
that k + 1  j  t . Therefore a1, . . . ,ak form a part of minimal generating set for Q C . On the other
hand, since η ∈ Z1, we have
x1a1 + · · · + xkak = 0,
which means that x1 ∈ n for all i = 1, . . . ,k. Hence n2η = 0 so that a j /∈ n2. Thus k+ 1 j  s so that
o(ai) = ri = 1, for all i = 1, . . . ,k.
Note that
k∑
i=1
aixi ∈ Qk ∩ n3 = Q n2.
Write
∑k
i=1 aixi =
∑k
i=1 ai yi , where yi ∈ n2. Then
k∑
i=1
(xi − yi)Ti ∈ Z1(Qk; A) = B1(Qk; A).
Therefore
η −
k∑
i=1
yi Ti =
k∑
i=1
xi − yi Ti ∈ B1
(
Qk; A/n3
)= B1.
But since a j yi ∈ n3, this implies that
a jη = a jη −
k∑
i=1
a j yi T i = a j
(
η −
k∑
i=1
yi Ti
)
∈ B1,
which is a contradiction. 
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Proposition 5.7. Let (A,n) be a regular local ring with d = dim R > 0 and X1, X2, . . . , Xd a regular sys-
tem of parameters. Let 
 > 0 be an integer and qk = (X1, X2, . . . , Xk) for 0  k  d. Then H0n(n
/qkn
) =[qkn
−1]/qkn
 and
λR
(
H0n
(
n
/qkn


))= (
+ d− 1
d− 1
)
−
(

+ d − 1− k
d − 1− k
)
for all 0 k d.
Proof. We may assume 0 < k < d. Let y ∈ n
 be such that Xnd y ∈ qkn
 for some n  0. Then y ∈
qk ∩ n
 = qkn
−1. Hence H0n(n
/qkn
) = [qkn
−1]/n
 . The equality
λR
(
H0n
(
n
/qkn


))= (
+ d− 1
d− 1
)
−
(

+ d − 1− k
d − 1− k
)
readily follows from the exact sequence
0→ [qkn
−1]/qkn
 → n
/n
+1 → [n
 + qk]/[n
+1 + qk]→ 0. 
Let us consider the following setting.
Setting 5.8. Let (R,m) be a Noetherian local ring with d = dim R  2. Let I and J be ideals in R and
assume that the following two conditions are satisﬁed.
• The rings R/I and R/ J are Cohen–Macaulay with dim R/I = dim R/ J = d.
• I ∩ J = (0) and √I + J =m.
Let R ′ = R/ J , m′ =m/ J , I ′ = I R ′ , and denote the image of a in R ′ by a for each a ∈ R . Then we have
the following.
(a) R is a generalized Cohen–Macaulay ring with depth(R) = 1 such that
Him(R) = (0) for all i = 1,d, and H1m(R)  R/(I + J ).
(b) I ′ is a generalized Cohen–Macaulay R-module with dimR(I ′) = d such that
Him
(
I ′
)= (0) for all i = 1,d, and H1m(I ′) R ′/I ′ = R/(I + J ).
Proof. (a) follows from the canonical exact sequence of R-modules:
0→ R → R/I ⊕ R/ J → R/(I + J ) → 0.
(b) follows from the assumption that R ′ is Cohen–Macaulay and the canonical exact sequence
0→ I ′ → R ′ → R ′/I ′ → 0. 
In this setting we have the following.
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that the conditions in Setting 5.8 are satisﬁed. Let R ′ = R/ J , m′ =m/ J , I ′ = I R ′ , and denote the image of a in
R ′ by a for each a ∈ R. Let Q = (a1,a2, . . . ,ad) be a parameter ideal in R and put Qk = (a1,a2, . . . ,ak) for
0 k < d. Then the following assertions hold true.
(a) H0m(R/Qk)  H0m(I ′/Qk I ′) for all 0 k < d.
(b) a1,a2, . . . ,ad forms a d-sequence in R if and only if a1,a2, . . . ,ad acts on I ′ as a d-sequence.
(c) Let x1, x2, . . . , xd be elements of R ′ such that Q R ′ = (x1, x2, . . . , xd) and x1, x2, . . . , xd acts on I ′ as
a d-sequence. Then one can ﬁnd elements b1,b2, . . . ,bd of R which form a d-sequence in R such that
Q = (b1,b2, . . . ,bd) and xi = bi for all 1 i  d.
(d) Let 
 > 0 be an integer such that m
 ⊆ I + J . If Q ⊆m
−1 + (I + J ), then Q is generated by a system of
parameters which forms a d-sequence in R.
Proof. (a) We may assume 0< k < d. Let B = R/I ⊕ R/ J and C = R/(I + J ). Then from the canonical
exact sequence of R-modules:
0→ R → R/I ⊕ R/ J → R/(I + J ) → 0,
since B is a d-dimensional Cohen–Macaulay R-module, we get the exact sequence
0→ H1(Qk;C) → R/Qk → B/QkB → C/QkC → 0.
Therefore
H0m(R/Qk)  H1(Qk;C).
Similarly, using the exact sequence 0→ I ′ → R ′ → C → 0 and the assumption that R ′ is Cohen–
Macaulay, we obtain
H0m
(
I ′/Qk I ′
) H1(Qk;C),
which completes the proof.
(b) follows from (a) and Proposition 5.1.
(c) Since Q R ′ = (a1,a2, . . . ,ad) = (x1, x2, . . . , xd), there exists an invertible d × d matrix Ω = [ri j]
such that
xi =
d∑
j=1
ri ja j, for all i = 1, . . . ,d.
Let bi =∑dj=1 ri ja j for each i = 1, . . . ,d. Because the matrix Ω = [ri j] is invertible in R , the new
system b1,b2, . . . . bd is a minimal generating set for Q and xi = bi for each i = 1, . . . ,d. Moreover,
b1, . . . ,bd is a d-sequence in R because b1, . . . ,bd acts on I ′ as a d-sequence using the assertion (b).
(d) This follows from H1m(R)  R/(I + J ) and Theorem 5.2. 
As a direct consequence of Proposition 5.9(3) we have the following.
Corollary 5.10. Let (R,m) be a Noetherian local ring with d = dim R  2. Let I and J be ideals in R such that
the conditions in Setting 5.8 are satisﬁed. Let R ′ = R/ J , m′ = m/ J , I ′ = I R ′ . Suppose that every parameter
ideal of R ′ can beminimally generated by a d-sequence on I ′ . Then every parameter ideal of R can beminimally
generated by a d-sequence.
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where d = 2 is due to [8, Example 2.3].
Example 5.11. Let P = k[[X1, X2, . . . , Xd, Y1, Y2, . . . , Yd]] be the formal power series ring over a ﬁeld k,
where d 2. Let 
 1 be an integer and put
a= (X1, X2, . . . , Xd)
 ∩ (Y1, Y2, . . . , Yd)
in P . Let R = P/a be the d-dimensional local ring with the maximal ideal m, and let xi, y j be the
images of Xi, Y j in R . Let I = (xi | 1 i  d)
 , J = (yi | 1 i  d). Then the conditions in Setting 5.8
are satisﬁed and the following assertions hold true.
(a) For every reduction Q = (a1, . . . ,ad) of m, the sequence a1, . . . ,ad forms a d-sequence in R .
(b) Every reduction Q of m of ν(Q ) = d has the same Hilbert function, i.e.,
λ
(
R/Q n+1
)= [(
+ d− 1
d
)
+ 1
](
n+ d
d
)
+
d−1∑
i=1
(

+ i − 1
i
)(
n+ d − i
d− i
)
for all n 0. In particular,
χ1(Q ) = λR(R/Q )− e0(Q ) =
(

+ d− 1
d − 1
)
− 1
is independent of the choice of Q .
Proof. (a) Notice that R ′ = R/ J is a d-dimensional regular local ring. Let n be the maximal ideal
of R ′ . Then I ′ = I R ′ = n
 . We denote the image of an element a of R in R ′ by a. Since Q R ′ = n,
the sequence a1, . . . ,ad forms a regular system of parameters in R ′ . Hence by Proposition 5.4, the
sequence a1, . . . ,ad acts on n
 as a d-sequence. Therefore, by Corollary 5.10, the sequence a1, . . . ,ad
is a d-sequence in R .
(b) Using (a), we may assume that Q = (a1, . . . ,ad), where a1, . . . ,ad form a d-sequence. Set Qk =
(a1, . . . ,ak). Then for each i = 1, . . . ,d, by Theorem 3.7, we have
(−1)iei(Q ) = χ1(a1, . . . ,ad−i,ad−i+1)− χ1(a1, . . . ,ad−i)
= λ(0 :R/Qd−i ad−i+1)− λ(0 :R/Qd−i−1 ad−i)
= λ(H0m(R/Qd−i))− λ(H0m(R/Qd−i−1)),
where the last equality follows from the fact that a1, . . . ,ad form a d-sequence. On the other hand,
for each k = 0, . . . ,d − 1, by Proposition 5.9 and Proposition 5.7, we obtain
λ
(
H0m(R/Qk)
)= λ(H0m(I ′/Qk I ′))= λ(H0m(n
/Qkn
))=
(
d+ 
 − 1
d− 1
)
−
(
d− k + 
− 1
d − k − 1
)
.
Therefore, for each i = 1, . . . ,d, we get
(−1)iei(Q ) = −
(
i + 
− 1
i − 1
)
+
(
i + 

i
)
=
(
i + 
 − 1
i
)
.
Also,
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(
R/(Q + I))+ λ(R/(Q + J ))= (d+ 
− 1
d
)
+ 1.
Therefore, we obtain
λ
(
R/Q n+1
)= [(
+ d− 1
d
)
+ 1
](
n+ d
d
)
+
d−1∑
i=1
(

+ i − 1
i
)(
n+ d − i
d− i
)
for all n 0. Also, using Proposition 3.9, we have
χ1(Q ) = λR(R/Q )− e0(Q )
= λR(R/Q )−
(
λ(R/Q )− λ(0 :R/Qd−1 ad)
)
= λ(0 :R/Qd−1 ad)
= λ(H0m(R/Qd−1))
=
(

+ d− 1
d− 1
)
− 1. 
Let us explore one more example.
Example 5.12. (Cf. [8, Theorem 3.3].) Let A be a regular local ring of dimension 4 and let X, Y , Z ,W
be a regular system of parameters in A. We choose an integer 
 1 and F = X
 + ξ with ξ ∈ (Z ,W ).
Then F , Y , Z ,W is a system of parameters in A, since (F , Y , Z ,W ) = (X
, Y , Z ,W ). We consider the
2-dimensional local ring
R = A/[(F , Y ) ∩ (Z ,W )]
with the maximal ideal m and denote by x, y, z, w , and f the images of X , Y , Z , W , and F in R ,
respectively. Let I = ( f , y) and J = (z,w). Then the conditions in Setting 5.8 are satisﬁed and we
have the following.
(a) Every parameter ideal of R can be minimally generated by a d-sequence.
(b) Let Q be a parameter ideal of R . Then
e1(Q ) = −λA
(
(0) :H1m(R) Q
)
, e2(Q ) = 0, χ1(Q ) = −e1(Q ).
(c) Let Q 1 and Q 2 be parameter ideals of R such that Q 1 = Q 2. Then for all n 0,
λ
(
R/Q n+11
)= λ(R/Q n+12 ).
In particular, χ1(Q 1) = χ1(Q 2).
(d) Suppose that the residue ﬁeld R/m is inﬁnite. Let q be a minimal reduction of m. Then for all
n 0,
λ
(
R/qn+1
)= e0(m)(n+ 2
2
)
+
(
n+ 1
1
)
.
In particular, χ1(q) = −e1(q) = 1.
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Notice that R is a generalized Cohen–Macaulay ring of depth 1 and that H1m(R)  R/(I + J ). Hence in
order to show that a,b is a d-sequence, by Proposition 5.1, it is enough to show that bH0m(R/aR) = 0.
Since depth(R) = 1, we may assume that a is regular. From the short exact sequence
0→ R ·a−→ R → R/aR → 0,
we obtain
0→ H0m(R/aR) → H1m(R) ·a−→ H1m(R),
which means that H0m(R/aR) = (0 :H1m(R) a). If bH1m(R) = 0, then it is done. If bH1m(R) = 0 but
aH1m(R) = 0, then b,a form a d-sequence. Finally suppose that bH1m(R) = 0 and aH1m(R) = 0. Let
V = R/(y, z,w). Then V is a discrete valuation ring with the maximal ideal mV = xV . Moreover,
H1m(R)  R/(I + J ) = V /m
V .
Let C = V /m
V and let mC be the maximal ideal of C . We may assume that
r = omV (a) omV (b) = s,
where a and b are the images of a and b in V . Then
bH0m(R/aR) = b(0 :H1m(R) a) = b(0 :C a) ⊆msCm
−rC =m
C = 0.
(b) Let Q = (a,b). By (a), we may assume that a,b form a d-sequence. Since
H0m(R/aR) = (0 :H1m(R) a), and bH0m(R/aR) = 0
as proven above, we obtain
(0 :H1m(R) a) = (0 :H1m(R) Q ).
By Theorem 3.7, we have
−e1(Q ) = χ1(a,b)− χ1(a) = λ
(
(0 :R/aR b)
)− λ((0 :R a))
= λ(H0(R/aR))− λ(H0m(R))
= λ((0 :H1m(R) a))
= λ((0 :H1m(R) Q )),
and
e2(Q ) = χ1(a) = λ
(
(0 :R a)
)= λ(H0m(R))= 0
because depth(R) = 1. Therefore by Theorem 4.2, χ1(Q ) = −e1(Q ).
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e0(Q 1) = e0(Q 2), and e2(Q 1) = 0= e2(Q 2).
Also because Q 1 = Q 2, we get Q 1V = Q 2V . Now since H1m(R)  V /m
 , this means that
(0 :H1m(R) Q 1) = (0 :H1m(R) Q 2).
Hence by (b), we get
−e1(Q 1) = λ
(
(0 :H1m(R) Q 1)
)= λ((0 :H1m(R) Q 2))= −e1(Q 2).
Therefore ei(Q 1) = ei(Q 2) for every i = 0,1,2. Then by [11, Proposition 3.4(3)], we have
λ
(
R/Q n+11
)= λ(R/Q n+12 )
for all n 0. In particular,
χ1(Q 1) = λ(R/Q 1)− e0(Q 1) = λ(R/Q 2)− e0(Q 2) = χ1(Q 2).
(d) See [11, Theorem 3.2] for the fact that e1(q) = −1. 
In Example 5.12 the system b,a does not necessarily form a d-sequence in A even though a,b
forms a d-sequence in A, as we show in the following.
Example 5.13. (Compare with Example 5.11(2).) In Example 5.12 let us take 
 > 1 and F = X
 . Hence
R = A/[(X
, Y )∩ (Z ,W )].
We put a = x−z, b = y−w , and q= (a,b). Then q is a reduction of m. In this case, a,b is a d-sequence
in A but b,a is not a d-sequence. In fact, x
−2w ∈ (y − w) : (x− z)2 but x
−2w /∈ (y − w) : (x− z).
6. Parameter ideals with the same Hilbert function – the case where Q 1 = Q 2
In this section we consider the following setting.
Setting 6.1. Let A be a Noetherian local ring with d = dim A  2. Let R be a Cohen–Macaulay local
ring with dim R = d and V a discrete valuation ring. We assume that A is equipped with a surjective
homomorphism p : A → R of rings and a ﬁnite homomorphism ϕ : A → V of rings so that there is an
exact sequence
0→ ϕV ι−→ A p−→ R → 0
of A-modules, where ϕV denotes the A-module V considered via ϕ .
Hence A is a special kind of sequentially Cohen–Macaulay rings (see, e.g., [9]) but, although
Him(A) = (0) for i = 1,d, A is not a generalized Cohen–Macaulay ring, because H1m(A) (∼= H1m(V ))
is not a ﬁnitely generated A-module.
In this setting we have the following.
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(a) Every parameter ideal of A can be minimally generated by a d-sequence.
(b) Let Q be a parameter ideal of A. Then for all n 0,
λA
(
A/Q n+1
)= e0(Q R)(n+ d
d
)
+ e0(Q V )
(
n+ 1
1
)
.
Hence for each i = 0, . . . ,d, we have
(−1)iei(Q A) =
⎧⎨
⎩
e0(Q R) if i = 0,
e0(Q V ) if i = d− 1,
0 otherwise.
Proof. (a) Let Q = (a1,a2, . . . ,ad) be a parameter ideal in A. We may assume that Q V = a1V and a1
is regular. Let 0 i  j  d, x ∈ A, and assume that
(ai+1a j)x ∈ Q i = (a1,a2, . . . ,ai).
We want to show a jx ∈ Q i . Since a1 is A-regular, we may assume that i  1. For an element a ∈ A,
we denote the image p(a) in R by a. Then since Q R is a parameter ideal in the Cohen–Macaulay
ring R , we get
x ∈ Q i R :R ai+1a j = Q i R.
Hence we can write x=∑ik=1 rkak , where rk ∈ A. Hence there exists v ∈ ϕV such that
x=
i∑
k=1
rkak + ι(v).
Since a j v ∈ Q V = a1V , we obtain
a jx= a j
i∑
k=1
rkak + a jι(v) ∈ Q i .
Hence a1,a2, . . . ,ad is a d-sequence in A.
(b) By the exact sequence
0→ ϕV ι−→ A p−→ R → 0,
we have
λA
(
A/Q n+1
)= λA(R/Q n+1R)+ λA(V /Q n+1V )
= e0(Q R)
(
n+ d
d
)
+ e0(Q V )
(
n+ 1
1
)
for all n 0, so that the last assertion follows. 
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Q 2 in A such that Q 1 = Q 2, we have Q 1V = Q 2V .
Corollary 6.3. Let A be the same as in Setting 6.1. Let Q 1 and Q 2 be parameter ideals in A. If Q 1 = Q 2 , then
λA
(
A/Q n+11
)= λA(A/Q n+12 )
for all n 0. In particular, χ1(Q 1) = χ1(Q 2).
Typical examples satisfying Setting 6.1 are obtained by idealization. Let
Λi(A) =
{
ei(Q )
∣∣ Q is a parameter ideal in A}
for all 0 i  d.
Example 6.4. (Compare with Example 3.10; cf. [11, Example 3.5].) Let R be a regular local ring with
maximal ideal n and d = dim R  2. Let X1, X2, . . . , Xd be a regular system of parameters of R . We
put p = (X1, X2, . . . , Xd−1) and V = R/p, whence V is a discrete valuation ring. Let A = R  V be
the idealization of V over R . Then A is a Noetherian local ring with dim A = d. We have the exact
sequence
0→ ϕV ι−→ A p−→ R → 0
of A-modules, where p : A → R is deﬁned by p(r, x) = r for all (r, x) ∈ A, ϕ : A p−→ R ε−→ V with ε
the canonical map, and ι : V → A is deﬁned by ι(x) = (0, x) for all x ∈ V . Hence Setting 6.1 is satisﬁed
and we have the following.
(a) Λi(A) = {0} for all 1 i  d such that i = d− 1.
(b) Λ0(A) = {n | 0< n ∈ Z} and Λd−1(A) = {(−1)d−1n | 0< n ∈ Z}.
(c) After renumbering, every system of parameters in A forms a d-sequence.
(d) Let Q 1 and Q 2 be parameter ideals in A. If Q 1 = Q 2, then
λA
(
A/Q n+11
)= λA(A/Q n+12 )
for all n 0, whence χ1(Q 1) = χ1(Q 2).
Proof. Assertion (d) follows from Corollary 6.3. See [11, Example 3.5] (resp. Theorem 6.2) for the
proofs of assertions (a), (b) (resp. assertion (c)). 
We explore one more example.
Example 6.5. Let P = k[[X, Y , Z ]] be the formal power series ring over a ﬁeld k and look at the
2-dimensional local ring
A = P/[(X) ∩ (Y , Z)].
Let x, y, and z denote the images of X , Y , and Z in A, respectively. We put R = A/(x) and V =
A/(y, z). Then R is a 2-dimensional regular local ring and V is a discrete valuation ring. Let p : A → R
and ϕ : A → V be the canonical epimorphisms. Then we have the exact sequence
0→ ϕV ι−→ A p−→ R → 0
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and get the following by Theorem 6.2.
(a) Let Q = (a,b) be a parameter ideal in A. Then a,b or b,a forms a d-sequence in A and
λA(A/Q n+1) = e0(Q R)
(n+2
2
)+ e0(Q V )(n+11 ) for all n 0.
We note the following.
(b) Let q1 = (x − y, x − z) and q2 = (x2 − y, x − z). Then m2 = q1m = q2m, so that q1 and q2 are
minimal reductions of m. Then the sequences {x− y, x− z}, {x− z, x− y}, and {x− z, x2 − y} form
d-sequences in A, but {x2 − y, x− z} is not a d-sequence in A. We have
λA
(
A/qn+11
)= λA(A/qn+12 )=
(
n+ 2
2
)
+
(
n+ 1
1
)
for all n 0. Hence χ1(qi) = −e1(qi) = 1 for i = 1,2.
The following is, however, also true.
(c) Suppose that the ﬁeld k is inﬁnite. For a given parameter ideal q in A, if we choose a system
a1,a2 of generators for q so that each ai is a superﬁcial element for A with respect to q, then
a1,a2 form a d-sequence in A in any order.
Proof. It is routine to check that m2 = q1m = q2m. Since q1V = (x − y)V = (x − z)V = q2V , the
sequences {x − y, x − z}, {x − z, x − y}, and {x − z, x2 − y} form d-sequences in A (see the proof of
Theorem 6.2). The sequence x2 − y, x− z is not a d-sequence in A, because (x− z)2 · x= x3 ∈ (x2 − y)
but (x− z) · x= x2 /∈ (x2 − y). As e0(mR) = e0(mV ) = 1, by Theorem 6.2 we have
λA
(
A/qn+11
)= λA(A/qn+12 )=
(
n+ 2
2
)
+
(
n+ 1
1
)
for all n 0. Hence χ1(qi) = −e(qi) = 1 for i = 1,2. See [11, Theorem 3.2] for assertion (c). 
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